I. INTRODUCTION
The Rise of earth temperature as the result of greenhouse gases (GHGs) effect resulted obviously uncomfortable to the human being. This process is influenced by a few minor gases, namely: carbon dioxide (CO 2 ), methane, water vapor and ozone. These minor gases trap energy from the sun. This process is shown on Figure 1 .
The presence of CO 2 , methane, water vapor and ozone in determined concentration are useful to warm the earth by about 33 o C in order to be habitable for human being. Without these gases, Earth's average temperature would be about 60 o F colder. So, increasing the amount of these gases should effect the average temperature overall. In 20 th century, the global-average temperature has increased for 0.7 o C [1] . The increasing of the temperature has shown relation to the increasing of GHGs especially CO 2 . Climate models have been developed in order to study the relation.
Some models have been proposed to give better description of the climate processes. The most complex models are not as best model since there are many restrictions regarding those models. Zero and one dimensional models are still considering to be solved in order to study although these models are categorized as the simple one. Fig. 1 . The greenhouse effect simulation. [2] On the simple way they could give general explanation to the process occurred between atmosphere and surface of the earth [3] . On this condition, none of dimensional is use neither time nor zonal dimensional. This description is known as Zero-Dimensional model.
Basically, the climate models were mathematical representation of physical processes. The equation developed based on Energy Balance Models (EBM). This model describes that the energy source of the earth is obtained by solar radiation. This energy influences the global temperature of the earth's surface. On the steady state condition, the model is given as equation (1) [3] .
This equation shows the influence of solar radiation to the mean surface temperature of the earth.
In this paper, two numerical methods were used to study the model, namely: Newton-Raphson and Steepest Descent methods. Both methods accuracy are evaluated to propose the best solution for the model. This is followed by comparing them with the previous works to verify the results.
The remainder of the paper is structured as follows. Section 2 introduces climate model analysis. Section 3 describes data collection for the model. Section 4 presents On the Numerical Exploration of Zero-Dimensional Greenhouse Model using Newton-Raphson and Steepest Descent Methods
Rahmat Riza, B. Ariwahjoedi, and Shaharin A. Sulaiman numerical computation of system equations. Section 5 discusses initial values selections. Section 6 reports and discusses the solutions for both Newton-Raphson and Steepest Descent methods. Finally, Section 7 contains the conclusions.
II. CLIMATE MODEL ANALYSIS
Climate model as on equation (1) was modified to accommodate the process occurred between the atmospheric zone and surface of the earth. This is assumed that atmosphere and surface of the earth as two layers that have heat transfer process. All types of the heat transfer process occurred among both layers. Simplified, the system is able to describe as Fig. 2 . The interaction between the atmospheric and surface's earth as given on Fig. 2 could be modeled as system equations, where for the surface of the earth is described by equation (2) as given by Boeker-Van Grondelle [4] .
where;
( )( ) The objective of these system equations is to explain the influence of component of the model to variance surface temperature of the earth. This is caused that the components of this system equations give explanation to describe the correlation to the changing of temperature of surface of the earth.
The above system equations called as system equations with T s and T a as the variable. Conditions of this system are system equation with two equations and two variables. Simplifying the system, equation (2) is named as u(T s , T a ) and equation (3) is v(T s , T a ). The system were able to be solved by numerical methods
III. DATA COLLECTION
The main objective of this work is to analyze numerical method to solve Zero-Dimensional model as proposed by Boeker-Van Grondelle. The model required data which described the average condition of earth processes. Data and sources that used in the calculation are given on Table I . Some data as on Table I contain the average assumption of the average condition of the earth. This could result the solution quite far from the measured data.
In this work, the coefficient of interaction between the atmosphere and the earth (τ) is preferred to use 3. 
IV. NUMERICAL METHOD FOR SYSTEM EQUATIONS
The zero dimensional models as given on equation (2) and (3) are system equations that consist of two stimulant equations. The solution for the system equations as this model can be obtained by numerical methods. Two numerical methods are used on this work. They are Newton-Raphson method and Steepest Descent method.
1) Newton-Raphson method
Generally, this method could be described by the following steps [5] : a. Determine the initial value/guessing, ( )
b. Determine matrix Jacobian of system equations for the initial value. Matrix Jacobian is developed as equation (4).
( )
c. Calculate determinant of matrix Jacobian as on step 2.
Adapted from Chapra and Canale [5] , determinant of matrix Jacobian is formulated as equation (9). ( ) ( ) ( ) ( ) Adapted from Faires and Burden [6] , the formula for function g is written as on equation (12).
d. Analysis the gradient of the equation at the initial value.
Adapted from Faires and Burden [6] , It is able to present as on equation (13) 
e. Analyze alpha value, for α>0, near the initial value in order to obtain the right direction by using the values of z 0 and z. z 0 and z are formulated as on equation (14) to equation (16).
f. Define the new value that closer to the solution.
Adapted from Faires and Burden [6] , this is formulated as on equation (17) and equation (18).
where α is the best α obtained on step 'e'. g. Analyze function 'g' by using new value guessing by using equation (12). The result is used to analyze the new guessing by comparing to the value of function 'g' that uses the previous values as on step 'c'. h. Do re-iteration whenever the step 'g was not satisfied the condition.
V. INITIAL VALUES SELECTION
There are three probabilities of initial values that were selected on this work, namely as follows:
a. Zero Kelvin. The unit temperature as on data collection based on Kelvin measurement. It should be the first priority to be selected as the first initial values on the numerical solution. This initial value is used too as the testing of the algorithms. b. Zero degree Celsius. In fact that Zero Kelvin is equal with -273.15 o C, the guessing value easily considers being located very far from the solution. This caused the zero degree Celsius should be considered as it is equal to 273.15 K. c. The average surface temperature of the earth. This is the nearest initial guessing to the solution. However, there is still a distance between them that need to be found.
VI. RESULT AND DISCUSSION

A. Algorithms of the Model
Sample algorithms for both Newton-Raphson and Steepest-Descent methods are given as follows: a. Newton-Raphson Algorithms Few commands that used to solve the equations are list as follows:
'Jacobian component determinant = partial derivative of the parametrics'; Ts2=Ts1+h Ts3=Ts2+h uTs1=(c*(Ts1-Ta1))+(sigma*(Ts1^4)*(1-aldoatlw))-(sigma*(Ta1^4))-(taua t*(1-aldoes)*(S/4)) uTs2=(c*(Ts2-Ta1))+(sigma*(Ts2^4)*(1-aldoatlw))-(sigma*(Ta1^4))-(taua t*(1-aldoes)*(S/4)) uTs3=(c*(Ts3-Ta1))+(sigma*(Ts3^4)*(1-aldoatlw))-(sigma*(Ta1^4))-(taua t*(1-aldoes)*(S/4)) deruTs=(-uTs3+(4*uTs2)-(3*uTs1))/(2*h) . . 'Jacobian determinant'; jdet=(deruTs*dervTa)-(deruTa*dervTs) u11=(c*(Ts1-Ta1))+(sigma*(Ts1^4)*(1-aldoatlw))-(sigma*(Ta1^4))-(tauat *(1-aldoes)*(S/4)) v11=-(c*(Ts1-Ta1))-(sigma*(Ts1^4)*(1-tauatlw-aldoatlw))-((1-aldoat-tauat +(aldoes*tauat))*(S/4))+(2*sigma*(Ta1^4)) Ts1=Ts1-(((u11*dervTa)-(v11*deruTa))/jdet) Ta1= Ta1 Moreover, this results is showed that Steepest Descent method offer the better solution whenever the initial values is very far from the real solution itself. This is able to be seen that the Newton-Raphson gives unrealistic solution for this initial values where the Steepest Descent give acceptable answer to the solution. The worse results of Newton-Raphson on this point were caused by determinant of matrix Jacobian of the procedure was very small, near to zero. This brings the method to deviate far enough form the direction of the real solution. Table 2 for initial value (273.15 K, 273.15 K) and Table 3 for initial values (288 K, 288 K). Newton-Raphson offered very fast of the iteration process to solve this system equations. Both solution with initial values (273.15 K, 273.15 K) and initial values (288 K, 288 K) could give exactly same direction for point of solution on T s =285.6649 K and T a = 248.7521 K.
C. The Results of the Numerical Method for the Zero-Dimensional Model
The solution of this method offer straight forward converge both the starting points of iteration process located smaller and bigger than the solution itself. As they are near to the real solution this method offer very fast solution.
b. Steepest Descent As previously discussed the value of g ∇ as equation (13) were the consideration point to determine the real solution that could be achieved by this method. Steps Iteration results as given by Table III showed that this method takes more steps compare to Newton-Raphson process. It takes almost two times of iteration steps compare to Newton-Raphson procedures that used same initial values as given on Table II. The solution of every iteration step describe that the Steepest Descent do not always go to the nearer point of the real solution. This is given by the result on step 4 and step 5 for the T s solution. The solution produced on the step 5 afield from the real solution. However, this process was not occurred on solution of T a . This could be a signal that the gradient of the method used point T a as the path or based point to find the real solution.
Results of iteration steps by using initial values (288 K, 288 K) are given on Table IV. Results given by Table IV showed that Steepest Descent methods walk with very slowly rate of convergence to obtain the point solution. This is analyzed from the value of g ∇ for each iteration step. The value of g ∇ reduced quite little from step to step of the iteration process.
By using this initial value (288 K, 288 K), the Steepest Descent method required large number of step iteration. They are total 31 steps iteration to find solution with acceptable value of g ∇ . As on results of using initial values (273.15 K, 273.15 K), the results of using initial values (288 K, 288 K) showed the trend to deviate from the path of real solution.
D. Verifying the Solution
Verification of the work is done by using the 'τ' is 2.7 W/m 2 -K -4 as the coefficient of interaction between the atmosphere and the earth. Applying this number to the system equation and using the same method as discussed above, Newton-Raphson result Ts is equal to 288.3129 K. In other hand the suggested solution, given by Boeker and Van-Grondelle [4] for the same of 'τ' parameter, T s is around 288 K.
The result of iteration procedure for this method is given as on Table V. The solutions were obtained in four steps iteration. This is same as the previous procedure where the 'τ' parameter equal to 3.2 W/m 2 -K -4 . Moreover, Table V By modifying the parameter of 'τ' and making comparison to the result published by Boeker and Grondelle [4] , the solutions have been resulted by the method concluded as the acceptable results.
The results from this calculation describe the average of surface temperature of the earth (T s ) and average temperature of the atmosphere (T a ). This was caused by the parametric used on this system equations were the assumption of the average condition of the earth. In fact, some assumptions were clearly quite far from the real value [4] .
However, by comparing the result given on different 'τ', the model showed that it was able to describe the influence of the parameters to the changing of surface temperature.
